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Abstract 



In the present paper we prove a uniqueness theorem for stationary multi black hole 
^ \ configurations with Kaluza-Klein asymptotic in a certain sector of 5D Einstein-Maxwell 

gravity. We show that such multi black hole configurations are uniquely specified by the 
CN ' interval structure, angular momenta of the horizons, magnetic charges and the mag- 

^ , netic flux. A straightforward generalization of the uniqueness theorem for 5D Einstein- 

\ Maxwell-dilaton gravity is also given. 

0^ ' 
cn 

1 Introduction 

o 

o . 

In the last decade we have witnessed a remarkable advent of the higher dimensional gravity 
and especially of higher dimensional black holes. Many interesting black hole solutions with 
amazing properties were discovered in various gravity theories in higher dimensional space- 
\^ ■ times. The accumulation of black hole solutions naturally raises the question of their clas- 

^ sification. The general classification for arbitrary spacetime dimensions and for all known 

gravity theories is formidable task which will probably need the efforts of generations. How- 
ever, in some cases the full classification is possible. In n = 4 spacetime dimensions, asymp- 
totically flat, stationary vacuum or electrovac black hole solutions in Einstein gravity are 
completely characterized by their asymptotic charges — mass, angular momentum, and elec- 
tric (or magnetic) charge fll El El 111 [H [6l |7j (see also [8J). The asymptotically flat, static, 
vacuum and electro-vacuum black holes in arbitrary dimensions were classified in [|9l [TOl. 
The complete classification of stationary black holes in more than n = A spacetime dimen- 
sions is at present an open problem. However, in a recent paper [|TT]| . a partial classification 
was achieved for asymptotically flat, vacuum (non-extremal) black hole solutions under the 
assumption that the number of commuting axial Killing fields is sufficiently large. The par- 
ticular case considered there was n = 5, and the number of axial Killing fields required was 
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two. Under this assumption, it was shown how to construct from the given solution a certain 
set of invariants consisting of a set of real numbers and a collection of integer- valued vectors. 
These data were called the "interval structure" of the solution. It determines in particular the 
horizon topology, which could be either 5^,5^ x 5^ or a Lens-space L{p,q). It was then 
demonstrated that the interval structure together with the asymptotic charges gives a com- 
plete set of invariants of the solutions, i.e., if these data coincide for two given solutions, then 
the solutions are isometric. The generalization of [llj for a certain sector of 5D Einstein- 
Maxwell gravity was done in [12J. In the sector under consideration, the 5D asymptotically 
flat Einstein-Maxwell black holes are classified in terms of their interval structure, angular 
momentum and the magnetic charges associated with the generators of H2{M). Uniqueness 
theorems were also proven for certain cases of the five-dimensional minimal supergravity 
[fT3l - [fT5l . The uniqueness of the 5D extremal vacuum black holes was considered in lfT6ll . 

Fortunately, a full classification can also be achieved for Kaluza-Klein black holes in the 
higher dimensional Einstein gravity [fTTl . The vacuum Kaluza-Klein black holes are again 
fully classified in terms of their interval structure and angular momenta. 

In this paper, we generalize the analysis of IfTTll to include Maxwell field. More precisely 
we generalize [ 17 ] to a certain, completely integrable sector of 5D Einstein-Maxwell gravity. 
We restrict ourselves to 5 dimensions where we are free from technical complications and 
where we can demonstrate the main idea in pure form. The naive expectation is that the 
generalization of uniqueness theorem for Einstein-Maxwell black holes with Kaluza-Klein 
asymptotic, can be done along the lines of the similar generalization in the asymptotically 
flat case, in other words in terms of the interval structure, angular momenta and the mag- 
netic charges. However, this is not the case. It was shown in [18] (see also [19]) that, in 
the general case, the interval structure and the local and asymptotic charges are insufficient 
to fully classify the Einstein-Maxwell black holes with Kaluza-Klein asymptotic. The very 
uniqueness theorem was formulated in [|18]| which states that the Kaluza-Klein black holes 
in Einstein-Maxwell gravity are fully specified by their interval structure, global and local 
charges, angular momenta and magnetic fluxes. The novelty in comparison with the asymp- 
totically flat case is the appearance of the magnetic fluxes in the conditions of the theoremQ 
Here we give mathematically more precise version of this theorem and its proof in 5 dimen- 
sions. The mathematical technique of the proof is the same with that in the asymptotically flat 
case [[12] which requires a-model presentation (on a symmetric space) of the dimensionally 
reduced field equations. In order to have symmetric space a-model form of the dimension- 
ally reduced equations, as in the asymptotically flat case, certain additional conditions are 
imposed upon the Maxwell field and the axial Killing fields. The extra assumptions placed 
upon the Killing fields imply that the electric charges, and some of the angular momenta 
of the horizons vanish. They also imply that the possible interval structures are limited. In 
particular, the horizons topologies can only be either or S^xSK 

Non-trivial Einstein-Maxwell black holes with Kaluza-Klein asymptotic satisfying our 
assumption have been found by [[T8l[T9l . 

The paper is organized as follows. In the section 1 following [fTTl . for completeness we 
give in concise form the necessary mathematical base. In section 2 we consider the extra 

'it is worth mentioning that, in accordance with the general statement of lITSl . we also need to specify 
the fluxes in order to have uniqueness theorem for asymptotically flat multi black hole configurations in 5D 
minimal supergravity [15] . 
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assumptions imposed on the Killing fields and the Maxwell field, the consequences of them 
and the dimensionally reduced Einstein-Maxwell equations. The main result is presented in 
section 3. In the Discussion we comment on possible generalizations and some tricky cases. 

2 Stationary Einstein-Maxwell black holes in 5 dimensions 

Let {M,g,F) be a 5-dimensional, analytic, stationary black hole spacetime satisfying the 
Einstein-Maxwell equations 

Rat = l{FacFh'-^F,.,F^-'), (1) 

V,F«* = = V[,F,,]. (2) 

Let ^ be the asymptotically timelike Killing field, £^g = 0, which we assume is normalized 
so that lim^(^,^) = — 1 near infinity. We assume also that the Maxwell tensor is invariant 
under ^, in the sense that = 0. We consider 5-dimensional spacetime M that has four 
asymptotically flat large dimensions and one asymptotically small extra dimension. More 
precisely we consider 5-dimensional spacetime with asymptotic region Moo = M?'^ x and 
asymptotic metric 

g = -dt^ + dxj + dxj + dxl + d^^ + 0{r~^) (3) 

where Xi are the standard Cartesian coordinates on R^, (|) is the standard periodic coordinate 
on with a period 2n. Here 0{r^^) stands for all metric components that drop off at least 

as r^^ in the radial coordinate r = ^x\ +X2 +Xy 
The domain of outer communications is defined by 

«M»^ l + {Moo)f]l'iMoo) (4) 

where /"^(Moo) denote the chronological future/past of Moo- 

Here we will assume the existence of 2 further axial Killing fields C, and T] which are 
mutually commuting and commute with the asymptotically timelike Killing field ^, have 
periodic orbits with period 2n and leave the Maxwell tensor F invariant, i.e. = £^F — 0. 
We also assume that the Killing filed r\ is associated with the compact dimension and that in 
the asymptotic region Moo the Killing fields C, and r\ take the standard form 

C,=xid/dx2-X2d/dxi, (5) 

Tl = d/d^. (6) 

The group of isometrics is hence g = R x [/( 1)^, where M stands for the flow of ^ while 
U{1)^ corresponds to the commuting flows of axial Killing fields. 
As a part of our technical assumptions we further assume that IfTTll : 
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a) << M >> contains an acausal, spacelike, connected hypersurface E asymptotic to a 
t — const slice in the asymptotic region Mcx,, whose closure has as its boundary 3E = |J,- 
cross sections of the horizons. 

b) The horizon cross sections are compact and the horizons are non-degenerate. 

c) The orbits of the Killing field ^ are complete. 

d) « M >> is globally hyperbolic. 

Due to the symmetries of the spacetime the natural space to work on is the orbit (fac- 
tor) space M =<< M » /g , where g is the isometry group. The structure of the factor 
space is described by the following theorem which is a straightforward generalization of the 
corresponding theorem in [17] : 

Theorem: Let {M,g) be a stationary, asymptotically Kaluza- Klein, 5-dimensional black 
hole spacetime with isometry group g = M x i7(l)^ satisfying the technical assumptions 
stated above. Then the orbit space M =<< M » / g is a 2-dimensional manifold with 
boundaries and corners homeomorphic to a half -plane. Some boundary segments U C dM 
correspond to the quotients of the horizons Hi = Hi/ g , while the remaining segments /,■ 
correspond to the various axes, where a linear combination + ar| {1])^ = and a(/,) = 

{a^{Ij),ar[{Ij)) G 1?. For adjacent intervals Ij and (not including the horizons) the 
vectors a(/) = (a^(/),aTi(/)) are subject to the following constraint 



In the interior of M there is a naturally induced metric g which has signature -f-f. We 
denote derivative operator associated with g by D. Let us now consider the Gramm matrix of 
the Killing fields Gij = g{Kj,Kj), where Kq = Ki = C, and ^3 = Tj. Then the determinant 
= I detG| defines a scalar function p on M which, as well known, is harmonic, D^Dap = 
as a consequence of the Einstein-Maxwell field equations. It can be shown that p > 0, 
Dap 7^ in the interior of M and that p = on dM. We may define a conjugate harmonic 
function z on M hy dz = ^dp, where ★ is the Hodge dual on M. The functions p and z define 
global coordinates on M identifying the orbit space with the upper complex half -plane 

M = {z + ipEC,p>0} (8) 

with the boundary corresponding to the real axis. The induced metric g is given in these 
coordinates by 



g = Q}{p,z){dp^ + dz^), (9) 

being a conformal factor. 

The above theorem allows us to introduce the notion of interval structure. The orbit space 
of the domain of outer communication by the isometry group is a half plane M = {z + ip,p > 
0} and its boundary dM is divided into a finite number of intervals Ij: 
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(10) 



To each interval we associate its length /(/,) and a vector a(/j) = {ai(ylj),a^{lj)) E 7? 
(subject to ([7])) when the interval does not correspond to a horizon. To intervals cor- 
responding to the orbit spaces of the horizons we associate zero vector (0,0). The 
data together with = {ai^{I j) , a^{I j)) are called interval structure. The vectors 
a(/j) = {ai{Ij),ar[{Ij)) corresponding to the outermost intervals [—ca^zi) and (za^+i,+°°) 
must be (1,0) and (1,0) since the spacetime is asymptotically Kaluza- Klein. 

Furthermore, we have the following theorem about the topology of the horizons IfTTl [T2l 

m 

Theorem: Under the assumptions made above the horizon cross sections J-Ci must be 
topologically either 5^ x 5\ or a Lens space L{p,q) {p,q G Z). Here p is given by 
p = det(a/,,._i,a/,,.+i) where aiy-i and a/,,.+i are vectors adjacent on the i-th horizon iHi. The 
topology of is x for ;? = 0, 5-^ for p = ±1 and L{p, q) in the other cases. 



3 Dimensionally reduced Einstein-Maxwell equations, 
magnetic charges and magnetic flux 

In the present paper we will not consider the most general 5D Einstein-Maxwell black holes. 
We will focus ourselves to black holes in a certain sector of 5D Einstein-Maxwell gravity 
which is known to be completely integrable ||20l . The simplifying assumptions we make in 
addition to the general hypothesis stated above are the following: 

1) We assume that the axial Killing field T] is orthogonal to the other Killing fields, ^(^,Ti) = 
g(^,ri) = 0, and that it is also hypersurface orthogonal, T] A Jt] = 0. 

2) About the Maxwell 2-form F we assume that the following conditions are satisfied 



i^F = i^F = i^i<F = 0. (11) 

Let us consider the consequences of the assumptions 1) and 2). The first consequence of 
1) is that the angular momentum associated with r] of every horizon Hi, definecUby 



J^ = j ★Jri (12) 

is zero, = 0. Secondly, since the Killing vector r\ is orthogonal to ^, if at some 
spacetime point we have ai^C, + a-^r[ = 0, then either (a^,ari) = (0,0) or (a^,ar|) = (1,0), 
(a^,ar|) = (0, 1), or both axial Killing fields C, and r\ vanish. Thus the assumption 1) restricts 
the possible interval structures. However, the known exact solutions fall in these restricted 

^In the present paper the angular momenta are defined up to iiTelevant numerical factor. 
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interval structures. In turn, the possible topologies of the horizons are also restricted and they 
are either x or S^. This immediately follows from the theorem about the topologies of 
the horizons. 

Now let us consider the consequences of the assumption 2). From i^F — Oit follows that 
the electric charge of every horizon i?/,-, defined by 



-kF 



(13) 



is zero, q' =0. Furthermore, all the equations in assumption 2) show that the Maxwell field 
is completely characterized by the 1-form iy^F. It is easy to see that this form is closed. 
Indeed we have diy^F = £^F — if^dF = 0. 

Proceeding further we define the twist 1-form by 



(0 = ★(^ AT] AJQ = i~(^i^i<d^. 



(14) 



Using the equations of assumption 2) and the fact that the Killing fields commute, one can 
show that the twist 1-form is closed, d(£> = 0. 

Both 1 -forms (0 and / = LF are invariant under the spacetime symmetries and therefore 
they induce corresponding 1 -forms co and / on the orbit space M, which are still closed. 
Since the orbit space M is simply connected, there exist globally defined potentials % and X 
such that (b = dx and f = dX on M. The potential X and % play important role in writing 
down the dimensionally reduced Einstein-Maxwell equations on the orbit space. Let u, w 
and r be functions on M defined by 



e^" =g{r[,r[), e 



-u+2w 



^^(Vp,Vp). 



(15) 



Then the Einstein-Maxwell equations are equivalent to the following set of equations on 
the orbit space M [|20l| : 



together with 
-p-i(D''p)DJ 



D«(p4>riD„4>i) = 0, 



^Tr (^D"4>iD^4>-i) + ^Tr [b''^2D^^2^ 

3 1 

-Tr (^D"4>iD*4)7i) + -Tr {d''^2D^^2^ 



where the matrix fields are defined in terms of m, w, X, % by 

4>i = 



(16) 

[gab-2{baZ)bbz] 
{baP)bhZ, (17) 



(18) 
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and 



^2 




2w 



2%e 



e 




(19) 



The first two equations state that each of the matrix fields 4>i and 4>2 satisfies the equations 
of a 2-dimensional sigma-model. The matrix fields are real, symmetric, with determinant 
equal to 1 on the interior of M. The equations (flTl) are decoupled from the sigma-model 
equations and determine the function P. 

Before closing this section we shall introduce the magnetic charges and the magnetic flux 
associated with the interval structure. The magnetic charges are defined by 



where Q, k = 1,2,... are all the topologically inequivalent, non-contractible, closed 2- 
surfaces in the domain of outer communications. The explicit construction of Ck is as follows 
[fT2l . We consider all possible curves %,k= 1,2,... in M with the property that % starts on 
an interval labeled (0, 1), and ends on another interval labeled (0, 1), with no interval with 
label (0, 1) in between. If we now lift % to a curve y^t in << M >>, and act with all isome- 
trics generated by r\ on the image of this curve, then we generate a closed 2-surface Q in 
<< M >>, which is topologically a 2-sphere for all k. We may repeat this by replacing 
%,k= 1,2,... with a set of curves each starting on an interval labeled (1,0), and ending on 
another interval labeled (1,0), with no interval with label (1,0) in between. If we again lift 
these curves to curves in << M >>, and act with all isometrics generated by ^, then we 
generate a set of topologically inequivalent closed 2-surfaces Q, / = 1 , 2, . . . in << M >>, 
each of which is topologically a 2-sphere. It may be seen that the set of 2-surfaces {Cyt,C/} 
forms a basis of H2{« M >>). 

The magnetic charges Q[Ci\ are not needed and in fact vanish, due to assumptions 1) and 
2) of this section. 

The magnetic flux ^+ is defined by 



where C+ is a 2-surface with the topology of disk which is constructed as follows [T8l. Let 
us consider the rightmost interval {zn-i,zn) with vector (0, 1) and the semi-infinite interval 
= [zyv, +°°)- We lift y+ to a curve in << M >>, and act on it with the isometrics 
generated by Tj. Since Tjl^^ =0 the generated 2-surface has disc topology. In the same 
way we can define the magnetic flux associated with the leftmost interval with vector (0, 1). 
However, both fluxes are not independent and satisfy the relation ^+ -f-^^ = —iT^Y.kQl'^kl 
(see for example [il9il ). 

^In other words we consider the rightmost bubble. 




(20) 




(21) 
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4 Uniqueness theorem 



The central result of the present paper is given in the following theorem 

Uniqueness Theorem: Consider two stationary, asymptotically Kaluza-Klein, Einstein- 
Maxwell black hole spacetimes of dimension 5, having one time-translation Killing field 
and two axial Killing fields and satisfying all technical assumptions stated above. We also 
assume that the Killing and Maxwell fields satisfy the assumptions 1) and 2) above, imply- 
ing that = (1, 0) or (0, 1), and ^ or x S^, and q' = = for the solutions. If 
the two solutions have the same interval structures, same horizon angular momenta J^, the 
same magnetic charges Q[Ci] for all 2-cycles C/, and same magnetic fluxes then they are 
isometric. 

Remark: This uniqueness theorem obviously holds also in the case when the solutions 
do not possess any horizon. As an explicit example we may give the solutions describing 
magnetized bubbles [fT8||. 

Proof: Consider two solutions (M, g, F) and (M, g,F) as in the statement of the theorem. 
We use the same "tilde" notation to distinguish any quantities associated with the two solu- 
tions. Since the interval structures of both solutions are the same, << M >> and <<M » 
can be identified as manifolds. Thus, we may assume that «M >>=<< M >>, and that 
4 = ^, ^ = ^ and fj = Tj. We may also assume that p = p and z = z. As a consequence of 
these identifications, it is possible to combine the divergence identities (fT6l) to the following 
Mazur identities 

{pDaO^) = pg"''Tr [Nl^N^b] (22) 

where m = 1,2 and 

o„ = Tr (4>,„4>,„i -/) , A^(„), = 5„i (4>,„1d«4>,„ -4>,„iD,4)„) (23) 

Here the matrices 5„, and Sm are defined by 4>,„ = 5,^5,„ and = 5^5„,. The key and nice 
point about the Mazur identities (l22l) is that the right hand sides are nonnegative while the 
left hand sides are total divergences. 

At this stage it is convenient to view p and z as cylindrical coordinates in an auxiliary 
space consisting of the points X = (pcoscp, psin(p,z). It is also convenient to view Om as 
rotationally symmetric functions on the auxiliary space M.^. Then, according to the Mazur 
identities we have 



Ao„, > 0, M.\{z - axis} (24) 

where A is the ordinary Laplacian on R-^. Furthermore, the functions Om are nonnegative, 
a,n > 0. Indeed, we have 



Oi =Tr 



2 



+ ,a >0 (25) 
i e e 
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and 

„2w „2w\2 -^/^2 



02 = Tr 



ij_irT + 4(lzlL>o. (26) 



According to the maximum principle [|2Tll22ll . if Om are globally bounded above on the 
entire including the z-axis and infinity where they vanish, then they vanish identically. In 
order to show that are bounded we must consider the behavior of o,,, on (i) the horizons, 
(ii) on the axes of ^ and T], (iii) near infinity and (iv) on the comers. 

(i) Obviously, on the open intervals corresponding to the horizons Om are bounded. In- 
deed, neither e" nor vanish, since both Killing fields ^ and x\ are non-vanishing on the 
open intervals corresponding to the horizons. 

(ii) We first consider open intervals corresponding to ^ = and T] 7^ 0, in other words 
intervals with vector a = (1,0). For such intervals e^" =^(Ti,ri) 7^ and ^(^, Q = e^w-M q 
which means that e^"' 0. Moreover, the smoothness of the solution requires e^'^ = (p^) 
near the considered intervals. From the explicit forms of the functions it is clear that 
only 02 is potentially unbounded. The first term in 02 is obviously bounded. In order to 
show that the second term in 02 is also bounded we shall consider the behavior of the twist 
potential near the axis lfT2l[T7ll . From the fact that the twist 1-form (O vanishes on any axis 
by definition, the twist potential % is constant on z-axis outside the intervals corresponding 
to the horizons. The difference between the constant value of the twist potential on the 
z-axis left and right to a given horizon is [fTTll 

xKP = 0,z/,+i) -xKP = 0,Zh) = J^^t (27) 

where 7^ is the angular momentum of the horizon. The same formula holds for the tilde 
solution 



U9 = 0,z/,+i) - U9 = 0,za) = j^Jt (28) 

By assumption we have = which means that — %/ = const on the z-axis outside 
the intervals corresponding to the horizons. Since % is defined up to a constant, we can 
chose this constant so that %, = %, on the z-axis (outside the intervals corresponding to the 
horizons). This together with the fact that (O = J% also vanishes on the axes of C, and r\, 
shows that %, —Xi = (p^) near these axes, which in turn implies that the second term in 02 
is bounded. 

Let us now consider the second case when r] = and ^ 7^ 0, i.e. open intervals with 
vector a = (0, 1). In the case under consideration the smoothness of the solutions requires 
e" = O (p) and e^^' = O (p) near the point where r\ = and ^ 7^ 0. These behaviors guarantee 
that 02 is bounded. It is also clear that the first term in Oi is bounded. In order to show 
that the second term in Oi is bounded we shall consider the behavior of the potential X near 
the points where T] = and ^ 7^ 0. Since i^F vanishes on the axes of T], it follows that X is 
constant on these axes. The difference between the constant value Xi on two neighbor Tj-axes 
connected by the curve is given by 
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X,„-^, = ^^^=l/^F = ±elC,] (29) 



and a similar expression for the tilde solution 



h+i-h = ^Q[Q]. (30) 
In 

From these expressions and our assumption that Q[Ci] = Q[Ci] , we conclude that — X/ = 
const on the axes of r\. Since X is defined up to a constant we can choose this constant so 
that Xi = Xi on the rj-axes. This, together with the fact that dX also vanishes on the Tj-axes 
implies that X — X= C'(p^) near the axes of r\ and therefore the second term in Oi is also 
bounded. 

(iii) Let us consider the behavior of Cm near infinity. In order to show that 02 is bounded 
near infinity, we use that both metrics are asymptotically Kaluza-Klein and have the same 
asymptotic angular momenta, = J^,/^ — -^C, — T^jJl^- The fact that 7^ = J^,-7^ (and the same 
expression for the tilde solution) can be proven by using condition 2) and by applying Gauss 
theorem to the definition formula of the asymptotic angular momentum 




where the integration is performed over a surface at infinity. As a consequence of = 7^, 
one can show that [[TtI 



e2--e2- = 0(r-i), %-X = 0(r-i). ^32) 

Hence we find that 02 |oo = 0. 

One can show that X has the following asymptotic behavior 



X = X^ + 0{r-^) (33) 

where Xoo is a constant. Now taking into account this asymptotic and the asymptotic of e", 
namely e" — 1, for Oi we find 



1 /- \2 

Oi|c„ = - (^?ioc-?i<x,j . (34) 

From the fact that X = X on the axes of r\ we can not conclude that X^o = Xoo since the 
spacetime is asymptotically Kaluza-Klein and no axis of r\ reaches infinity. At this stage 
namely we must use our assumption that both solutions have the same magnetic flux. Cal- 
culating the magnetic flux we find 
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/ F = 2% dX = 2%{X^-X{p = Q,ZN)) (35) 

JC+ JzN 

and a similar expression for the tilde solutior0 

^+ = 27r()ioo-MP = 0,2iv)). (36) 

Here zn is the right boundary of the rightmost axis of Tj. By assumption ^+ = ^+ which 
means that X^ = X^. Therefore we find that Oi |c« = 0. 

(iv) We must also consider the behavior of Om at the corners. The continuity argument 
shows that Om are bounded on the comers. 

Summarizing, we have shown that the functions Om, (m = 1,2) are bounded above on the 
entire including the z-axes and infinity, where a,„ vanish. Therefore, by the maximum 
principle [|2T1 l22l . vanish identically. Consequently, it immediately follows that u — u, 
w = w,X = X,\ = 'k and F = P. From these equalities, as in the asymptotically flat case lfT2]| . 
one can show that g = g and F = F. This completes the proof. 

Remark: We can consider the other case when the Killing field C, is hypersurface orthog- 
onal, C,AdC, = 0, and when the electromagnetic field is along the noncompact direction ^, i.e. 
when the Maxwell 2-form F satisfies the conditions i^F = i^F = i^-kF = 0. In this case one 
can show that the black hole configurations are fully determined only in terms of the interval 
structure, the angular momentcEI/i of the horizons and the magnetic charges 



5 Discussion 

Let us discuss some generalizations of our result. The proven uniqueness theorem can be 
extended to the 5D Einstein-Maxwell-dilaton gravity which can be derived from the La- 
grangian 

L = *i?-2J(pA*J(p-^e"2a(p^/\^^ (3-7) 

where cp is the dilaton field and a is the dilaton coupling parameter. 

The o-model presentation of the dimensionally reduced 5D Einstein-Maxwell-dilaton 
equations with the restrictions 1) and 2), was given in [23J. On this base and applying the 
mathematical technique of the present work, one can prove the following uniqueness theorem 

Uniqueness Theorem: Consider two stationary, asymptotically Kaluza-Klein, Einstein- 
Maxwell-dilaton black hole spacetimes of dimension 5, having one time-translation Killing 
field and two axial Killing fields and satisfying all technical assumptions stated above. We 

^In the expression of '1'+ we have taken into account that A,(p — Q^zn) — A.(p — Q^zn)- 
^The angular momenta J I are zero. 
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also assume that the Killing and Maxwell fields satisfy the assumptions 1) and 2) above, im- 
plying that a(/j) = (1,0) or (0, 1), and = or x S^, and q' = = 7^ for the solutions. 
If the two solutions have the same interval structures, same horizon angular momenta 7^, the 
same magnetic charges Q[Ci\ for all 2-cycles Q, same value of the dilaton field at infinity cp^o 
and same magnetic fluxes then they are isometric. 

As a part of the technical assumptions in this theorem we obviously assume that the 
dilaton field is invariant under the spacetime symmetries, f^cp = f^cp = £r|(p = 0. 

The restrictions 1) and 2) play very important role in the present uniqueness theorem 
as well as in the uniqueness theorem for the asymptotically flat case [12J. Due to these 
restrictions the target space of the potentials is a symmetric space which ensures the complete 
integrability of the considered sector and the existence of Mazur identities which are a key 
moment in the proof. The natural step in generalizing the uniqueness theorems for Kaluza- 
Klein and asymptotically flat black holes is to remove the restrictions 1) and 2), in other 
words to consider the general case when the electromagnetic field is completely excited. In 
the general case, however, it seems that the dimensionally reduced 5D Einstein-Maxwell(- 
dilaton) gravity equations do not possess large enough group of symmetries which could 
ensure complete integrability and the existence of Mazur identities. So, in the general case 
the mathematical technique used for proving the uniqueness theorem in the present paper 
and in [1121 . is not applicable. New technique must be used in order to prove the uniqueness 
theorems in the general case ["24] . 

Contrary to the 5D Einstein-Maxwell(-dilaton) gravity, the 5D minimal supergravity is 
completely integrable in the general case when the electromagnetic field is fully excited [l25l 
(see also [|26]| and ^2J\ ). This fact shows that the uniqueness theorem of the present paper 
can be easily generalized within the framework of the 5D minimal supergravity, of course 
with the corresponding technical complications and extensions. We hope to give the formal 
mathematical results in a future work. 

Finally, we would like to comment on following. Do the collection of the interval struc- 
ture, local and asymptotic charges (and the magnetic fluxes) and angular momenta always 
fully determine the black hole solutions? Fortunately or unfortunately the answer seems to 
be "NO". As our preliminary numerical calculations show there could exist many (even in- 
finitely many) black hole solutions with the same interval structure, angular momenta and 
local and asymptotic charges. Such a behavior is observed in some dilaton gravity models 
coupled to the electromagnetic field with an appropriate dilaton coupling function [|28l . 
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